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ÍÅÊÎÒÎÐÛÕ ÄÂÓÕÑËÎÉÍÛÕ

ÂÅÐÒÈÊÀËÜÍÎ ÏÅÐÅÌÅÙÀÅÌÛÕ ÑÈÑÒÅÌ

Ä.Â. Ãåîðãèåâñêèé

I. Äâóõñëîéíàÿ èäåàëüíàÿ æèäêîñòü.
1. Ïîñòóïàòåëüíîå íåâîçìóù¼ííîå äâèæå-

íèå.
g = ge2 � ñèëà òÿæåñòè;
h � òîëùèíà ñëîÿ èäåàëüíîé íåñæèìàåìîé æèäêî-

ñòè ïëîòíîñòè ρ1, ïîêðûâàþùåãî ïîëóïðîñòðàíñòâî
ñ äðóãîé èäåàëüíîé íåñæèìàåìîé æèäêîñòüþ ïëîò-
íîñòè ρ2;

x2 = x0
2(t) è x2 = h + x0

2(t) � óðàâíåíèÿ âåðõíåé è
íèæíåé ãðàíèö ñëîÿ; ẋ0

2(t) = V (t), x0
2(0) = 0.

Âêëþ÷èì â áåçðàçìåðíûé áàçèñ {ρ1, g, h}. Åäèí-
ñòâåííûé áåçðàçìåðíûé ïàðàìåòð â ñèñòåìå � ðàçóï-
ëîòíåíèå δ = (ρ2 − ρ1)/ρ1, ìåíÿþùååñÿ â ïðåäåëàõ
−1 < δ < ∞.
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Êèíåìàòèêà íåâîçìóù¼ííîãî äâèæåíèÿ:

v
◦{1}
1 = v

◦{2}
1 ≡ 0, v

◦{1}
2 = v

◦{2}
2 ≡ V (t) (1.1)

Ïî (1.1) íà îñíîâàíèè óðàâíåíèé Ýéëåðà

−p
◦{1}
,i + δ2i = v

◦{1}
i,t + v

◦{1}
i,j v

◦{1}
j

−p
◦{2}
,i + (1 + δ)δ2i = (1 + δ)

(
v
◦{2}
i,t + v

◦{2}
i,j v

◦{2}
j

)

à òàêæå óñëîâèÿ íåïðåðûâíîñòè

p◦{1}
∣∣∣
x2=1+x0

2

= p◦{2}
∣∣∣
x2=1+x0

2

íàõîäèòñÿ äàâëåíèå âî âñåé ñèñòåìå:
p◦{1}(x, t) = (1− V̇ )

(
x2 − x0

2(t)
)

p◦{2}(x, t) = (1− V̇ )
[
1 + (1 + δ)

(
(x2 − 1− x0

2(t)
)]

2. Ëèíåàðèçàöèÿ îòíîñèòåëüíî ìàëûõ âîç-
ìóùåíèé.

x ∈ Ω{1} = {x0
2 + η+ < x2 < 1 + x0

2 + η−} :

−p
{1}
,i = v

{1}
i,t + V v

{1}
i,2 ≡ Dtv

{1}
i , v

{1}
i,i = 0

x ∈ Ω{2} = {1 + x0
2 + η− < x2} :

−p
{2}
,i = (1 + δ)

(
v
{2}
i,t + V v

{2}
i,2

) ≡ (1 + δ)Dtv
{2}
i

v
{2}
i,i = 0

(2.1)

2



Ìàëîñòü êîëåáàíèé îçíà÷àåò, ÷òî íå òîëüêî |η+| ¿
1 è |η−| ¿ 1, íî òàêæå |η+

,1| ¿ 1 è |η−,1| ¿ 1;

n−1 = − η−,1√
1 + (η−,1)2

, n−2 =
1√

1 + (η−,1)2
(2.2)

|n−1 | ¿ |n−2 | (2.3)

Ââîäÿ ôóíêöèþ òîêà (ψ{ν},2 = v
{ν}
1 ; ψ

{ν}
,1 = −v

{ν}
2 ),

ñèñòåìó (2.1) ìîæíî ñòàíäàðòíûì îáðàçîì ðåäóöè-
ðîâàòü ê îäíîìó óðàâíåíèþ â êàæäîé èç æèäêîñòåé:

Dt

(
∆ψ{ν}

)
= 0, ν = 1, 2 (2.4)

Ãðàíè÷íûå óñëîâèÿ â âîçìóùåíèÿõ.
(
v
◦{1}
i + v

{1}
i − v

◦{2}
i − v

{2}
i

)
n−i = 0, x2 = 1 + x0

2 + η−

(2.5)

p◦{1}+p{1}−p◦{2}−p{2} = 0, x2 = 1+x0
2 +η− (2.6)

Ëèíåàðèçàöèÿ óñëîâèé (2.5) è (2.6) ýêâèâàëåíòíà èõ
ñíåñåíèþ (ñ ïîìîùüþ ðàçëîæåíèÿ â ðÿäû Òåéëîðà)
íà âåðòèêàëüíî äâèæóùóþñÿ ïðÿìóþ x2 = 1 + x0

2:

v
{1}
2 = v

{2}
2 , p{1} = p{2} + (1− V̇ )η−δ, x2 = 1 + x0

2

(2.7)
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èëè

Dtv
{1}
1 = (1 + δ)Dtv

{2}
1 − (1− V̇ )η−,1δ (2.8)

Íà âåðõíåé ãðàíèöå ðàññìîòðèì äâà âèäà óñëîâèé.
à) Íåïðîòåêàíèå ñêâîçü ïðÿìîëèíåéíóþ ñòåíêó:

v
{1}
2 = 0, x2 = x0

2 (2.9)

á) Ñâîáîäíî äâèæóùàÿñÿ ãðàíèöà x2 = x0
2 + η+:

p{1} + (1− V̇ )η+ = 0, x2 = x0
2 (2.10)

èëè

Dtv
{1}
1 − (1− V̇ )η+

,1 = 0, x2 = x0
2 (2.11)

Ê ÷èñëó ãðàíè÷íûõ óñëîâèé ñëåäóåò òàêæå îòíå-
ñòè è ñâÿçè âåëè÷èí η+ ñ v

{1}
2 è η− ñ v

{1}
2 :

η+
,t = v

{1}
2 , x2 = x0

2; η−,t = v
{1}
2

(
= v

{2}
2

)
, x2 = 1 + x0

2

(2.12)
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3. Õàðàêòåðèñòè÷åñêèå óðàâíåíèÿ è àíàëèç
óñòîé÷èâîñòè.

ψ{1}(x1, x2, t) =
(
A1(t) ch s(x2 − x0

2)+

+A2(t) sh s(x2 − x0
2)

)
eisx1

ψ{2}(x1, x2, t) = B(t)
(
ch s(x2 − x0

2)−
− sh s(x2 − x0

2)
)
eisx1

(3.1)

Dtψ
{1} =

(
Ȧ1(t) ch s(x2−x0

2)+Ȧ2(t) sh s(x2−x0
2)

)
eisx1

Ïðåäñòàâèì ôóíêöèè η+ è η− â ñõîäíîé ñ (3.1)
ôîðìå

η+(x1, t) = iC+(t) eisx1, η−(x1, t) = iC−(t) eisx1

è ïîëîæèì, ÷òî âñå ïÿòü àìïëèòóä A1(t), A2(t), B(t),
C+(t) è C−(t) èìåþò îäíó è òó æå ëîãàðèôìè÷å-
ñêóþ ïðîèçâîäíóþ ïî âðåìåíè α(t), ò. å. óäîâëåòâî-
ðÿþò ýâîëþöèîííûì óðàâíåíèÿì

Ȧ1 = αA1, . . . , Ċ− = αC− (3.2)
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ñ ðåøåíèÿìè

A1(t) = A1(0) exp

t∫

0

α(τ ) dτ, . . . ,

C−(t) = C−(0) exp

t∫

0

α(τ ) dτ

Âåëè÷èíà α(t) çàðàíåå íåèçâåñòíà è ïðåäñòàâëÿåò îñ-
íîâíîé èíòåðåñ äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè.

3.1. Íåïðîòåêàíèå ñêâîçü ïðÿìîëèíåéíóþ âåðõ-
íþþ ãðàíèöó.

A1 = 0, A1 ch s + A2 sh s = B(ch s− sh s),

α(A1 sh s + A2 ch s) =

= (1 + δ)αB(sh s− ch s) + (1− V̇ )C−δ,

s(A1 ch s + A2 sh s) + αC− = 0

(3.3)

Ïðèðàâíèâàÿ îïðåäåëèòåëü ñèñòåìû (3.3) íóëþ, ïðè-
ä¼ì ê õàðàêòåðèñòè÷åñêîìó óðàâíåíèþ

α2 = − sδ th s

1 + (1 + δ) th s
(1− V̇ ) (3.4)

3.2. Ñâîáîäíàÿ âåðõíÿÿ ãðàíèöà.

α2 = −s(1− V̇ ), α2 = − sδ th s

1 + δ + th s
(1− V̇ ) (3.10)
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II. Âÿçêèé ñëîé íàä ïîëóïðîñòðàíñòâîì
èäåàëüíîé æèäêîñòè.
4. Ïîñòóïàòåëüíîå íåâîçìóù¼ííîå äâèæå-

íèå.
Äâà áåçðàçìåðíûõ ïàðàìåòðà:
� âÿçêîñòü µ/(ρ1

√
gh3);

� ðàçóïëîòíåíèå δ = (ρ2 − ρ1)/ρ1.
Êèíåìàòèêà íåâîçìóù¼ííîãî äâèæåíèÿ:

v
◦{1}
1 = v

◦{2}
1 ≡ 0, v

◦{1}
2 = v

◦{2}
2 ≡ V (t), (4.1)

Äàâëåíèå:

p◦{1}(x, t) = (1− V̇ )
(
x2 − x0

2(t)
)

(4.2)

p◦{2}(x, t) = (1− V̇ )
[
1+(1+δ)

(
(x2−1−x0

2(t)
)]

(4.3)

5. Ëèíåàðèçàöèÿ îòíîñèòåëüíî ìàëûõ âîç-
ìóùåíèé.

µ∆∆ψ{1} = Dt

(
∆ψ{1}

)
, Dt

(
∆ψ{2}

)
= 0 (5.1)

Ãðàíè÷íûå óñëîâèÿ â âîçìóùåíèÿõ.

x2 = x0
2 : v

{1}
1 = v

{1}
2 = 0 (5.2)
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x2 = 1 + x0
2 : v

{1}
2 = v

{2}
2 , v

{1}
1,2 + v

{1}
2,1 = 0 (5.3)

−p{1} + 2µv
{1}
2,2 + (1− V̇ )ηδ = −p{2} (5.4)

Ñîîòíîøåíèå (5.4) ïðîäèôôåðåíöèðóåì ïî x1 è ïîä-
ñòàâèì p

{1}
,1 è p

{2}
,1 èç óðàâíåíèé äâèæåíèÿ:

Dtv
{1}
1 − µv

{1}
1,kk + 2µv

{1}
2,12 + (1− V̇ )η,1δ = (1 + δ)Dtv

{2}
1

(5.5)

Ê ÷èñëó ãðàíè÷íûõ óñëîâèé ñëåäóåò òàêæå îòíå-
ñòè ñâÿçü âåëè÷èí η è v

{1}
2 :

x2 = 1 + x0
2 : η,t = v

{1}
2

(
= v

{2}
2

)
, (5.6)

6. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå.
ψ{1}(x1, x2, t) =

[
A1(t) ch s(x2 − x0

2)+

+A2(t) sh s(x2 − x0
2)+

+A3(t) ch q(x2 − x0
2) + A4(t) sh q(x2 − x0

2)
]
eisx1

(6.1)

ψ{2}(x1, x2, t) = B(t)
[
ch s(x2−x0

2)− sh s(x2−x0
2)

]
eisx1

(6.2)

η(x1, t) = iC(t) eisx1 (6.3)
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Ïðåäïîëîæèì, ÷òî ââåä¼ííûå ôóíêöèè âðåìåíè A1,
A2, B, C èìåþò îäíó è òó æå ëîãàðèôìè÷åñêóþ ïðî-
èçâîäíóþ α(t) = α∗(t) + iα∗∗(t) ∈ C:

Ȧ1 = αA1, . . . , Ċ = αC

Ïóñòü, êðîìå òîãî, îñòàâøèåñÿ â (6.1) àìïëèòóäû A3

è A4 óäîâëåòâîðÿþò óðàâíåíèÿì Ȧ3 = βA3, Ȧ4 =

βA4, ãäå β = β∗ + iβ∗∗ ∈ C íå çàâèñèò îò t. Âûáðàâ
â (6.1) ñâÿçü âîëíîâûõ ÷èñåë q è s â âèäå

q2 = s2 +
β

µ
, q ∈ C, (6.4)

çàìåòèì, ÷òî óðàâíåíèÿ äâèæåíèÿ óäîâëåòâîðÿòñÿ.
Òàêèì îáðàçîì,

(A1; A2; B; C)(t) = (A1; A2; B; C)(0) exp

t∫

0

α(τ ) dτ

(A3; A4)(t) = (A3; A4)(0) eβt

(6.5)

Óñëîâèåì, ñâÿçûâàþùèì α(t) è β, åñòåñòâåííî ïðè-
íÿòü ñëåäóþùåå:

α(t) ≡ β = const, åñëè V̇ ≡ 0 (6.6)
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Îäíîðîäíàÿ ñèñòåìà ãðàíè÷íûõ óñëîâèé:
A1 + A3 = 0, sA2 + qA4 = 0

A1cs + A2ss + A3cq + A4sq = B(cs − ss) = −αC

s
2s2(A1cs + A2ss) + (q2 + s2)(A3cq + A4sq) = 0

(α + 2µs2)(A1ss + A2cs) + 2µsq(A3sq + A4cq)−
−δ(1− V̇ )C = (1 + δ)αB(ss − cs),

cs = ch s, ss = sh s, cq = ch q, sq = sh q,

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ðàññìàòðèâàåìîé
çàäà÷è:

Kα2(t) + Lα(t) + M = 0 (6.7)

K = (1 + δ)(q2 − s2)(qcqss − ssqcs)+

+(q2 + s2)(qcqcs − ssqss)− 2qs2;

L = 2µs2(q2 + s2)(qcqcs − ssqss)+

+4µqs3(scqcs − qsqss)− 2µqs2(q2 + 3s2);

M = δs(1− V̇ )(q2 − s2)(qcqss − ssqcs)

7. Àñèìïòîòè÷åñêèé ïðåäåë áîëüøîé âÿçêî-
ñòè.

1/µ = ε ¿ 1; ρ1

√
gh3/µ ¿ 1
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Îñóùåñòâëÿÿ ïîèñê ðåøåíèÿ óðàâíåíèÿ (6.7)

α = α0 + εα1 + . . . , β = β0 + εβ1 + . . .

K = K0 + εK1 + . . . , L = L0 + εL1 + . . . ,

M = M0 + εM1 + . . .

K0 = L0 = M0 = M1 = 0, K1 = β0sc
2
s, L1 = β2

0s
3,

M2 = β2
0δ(1− V̇ )(csss − s)/2,

ïîëó÷èì â íóëåâîì ïî ε ïðèáëèæåíèè

K1α
2
0 + L1α0 = 0, α0 = β0 (6.8)

Îòñþäà ñëåäóåò, ÷òî α01(t) = α02(t) ≡ 0, β01 = β02 =

0, ò. å. ïðåäåë µ → ∞ ñîîòâåòñòâóåò ïåðåõîäó ê ñòà-
òè÷åñêîìó ïîëîæåíèþ, ïðè êîòîðîì íà÷àëüíàÿ ôîð-
ìà âîçìóùåíèé âäîëü îñè (Ox1) ìåíÿòüñÿ íå áóäåò.

Ñ ó÷¼òîì ýòîãî ñëåäóþùåå (ïåðâîå íåíóëåâîå) ïðè-
áëèæåíèå, ïîëó÷àþùååñÿ ïðèðàâíèâàíèåì íóëþ êî-
ýôôèöèåíòà ïðè ε3 â ðàçëîæåíèè âñåõ ÷ëåíîâ óðàâ-
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íåíèÿ (6.7), äà¼ò

α1 = −F (s)δ

2c2
s

[√
s4 + 4c2

s(c
2
s + s2)(1− V̇ )− s2

]
,

β1 = −F (s)δ ∈ R

F (s) =
csss − s

2s(c2
s + s2)

> 0,

α(t) = εα1(t) + O(ε2), β = εβ1 + O(ε2)

Ñëó÷àé ðàâíîóñêîðåííîãî äâèæåíèÿ:

V̇ (t) ≡ V̇0 = const⇒ α1(t) = const

V̇0 < 1 V̇0 > 1

δ > 0 ↘↙ ↗↙
−1 < δ < 0 ↗↖ ↘↖

Óñëîâíûìè çíàêàìè↗ è↘ îáîçíà÷åíû óòâåðæäå-
íèÿ ñîîòâåòñòâåííî îá ýêñïîíåíöèàëüíîì ðîñòå è çà-
òóõàíèè ôóíêöèé A1(t), A2(t), B(t), C(t). Çíàêàìè
↖ è ↙ îáîçíà÷åíû àíàëîãè÷íûå óòâåðæäåíèÿ äëÿ
ôóíêöèé A3(t), A4(t).
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