
Ñåìèíàð 2 Äåëèìîñòü: àëãîðèòì Åâêëèäà

Àëãîðèòì Åâêëèäà

2.1. Íàéäèòå (123456789 , 987654321).

2.2. Äîêàæèòå, ÷òî äëÿ íå÷�åòíûõ a, b, c ñïðàâåäëèâî ðàâåíñòâî
(a+ b

2
,
b+ c

2
,
c+ a

2

)
= (a, b, c).

2.3. Íàéäèòå
(
11 . . . 1︸ ︷︷ ︸

n

, 11 . . . 1︸ ︷︷ ︸
m

)
.

2.4. Äîêàæèòå, ÷òî
(
an − 1 , am − 1

)
= a(n,m) − 1.

2.5. Èñïîëüçóÿ àëãîðèòì Åâêëèäà, ðåøèòå óðàâíåíèÿ (óêàæèòå âñå ðåøåíèÿ):

à) 17x− 27y = 1;
á) 144x+ 233y = 1;

â) 144x+ 233y = 8;
ã) 20x+ 12y = 2012.

2.6. Äîêàæèòå, ÷òî äëÿ ëþáûõ íàòóðàëüíûõ a1, . . . , an ñóùåñòâóþò òàêèå öåëûå λ1, . . . , λn, ÷òî

λ1a1 + . . .+ λnan = (a1, . . . , an).

2.7.∗ Òåîðåìà Ëàìå. Äîêàæèòå, ÷òî êîëè÷åñòâî äåëåíèé ñ îñòàòêîì â àëãîðèòìå Åâêëèäà íå

ïðåâîñõîäèò 5m, ãäå m � êîëè÷åñòâî öèôð â äåñÿòè÷íîé çàïèñè ìåíüøåãî èç ÷èñåë.

Îñíîâíàÿ òåîðåìà àðèôìåòèêè

2.8. Ïóñòü a, b ∈ N, a = pα1
1 . . . pαs

s , b = pβ1
1 . . . pβs

s , ãäå p1, . . . , ps � ïîïàðíî ðàçëè÷íûå ïðîñòûå

÷èñëà, α1, . . . , αs, β1, . . . , βs ∈ Z. Äîêàæèòå, ÷òî
à) (a, b) = p

min(α1,β1)
1 . . . p

min(αs,βs)
s ;

á) [a, b] = p
max(α1,β1)
1 . . . p

max(αs,βs)
s ;

â) ab = (a, b)[a, b].

2.9. Ñêîëüêèìè íóëÿìè îêàí÷èâàåòñÿ äåñÿòè÷íàÿ çàïèñü ÷èñëà 1000! ?

2.10. Ïóñòü p � ïðîñòîå ÷èñëî, n � íàòóðàëüíîå. Äîêàæèòå, ÷òî

à) νp(n!) = [n/p] + [n/p2] + . . .; á) νp(n!) 6
n

p− 1
;

â) (n!)
1
n 6

∏
p6n

p
1

p−1 , ãäå ïðîèçâåäåíèå áåð�åòñÿ ïî âñåì ïðîñòûì, íå ïðåâîñõîäÿùèì n.

2.11. Äîêàæèòå, ÷òî ïðè ëþáîì äåéñòâèòåëüíîì x ñïðàâåäëèâî íåðàâåíñòâî [6x]+[x] > [3x]+2[2x].

2.12. Äîêàæèòå, ÷òî ïðè ëþáîì íàòóðàëüíîì n ÷èñëî
6n!n!

3n!2n!2n!
ÿâëÿåòñÿ öåëûì.

Ðåçåðâ

2.13. Ðåøèòå â íàòóðàëüíûõ ÷èñëàõ óðàâíåíèÿ

à) 1
x + 1

y = 1
p , p � ïðîñòîå;

á) xy = yx;
â) nx + ny = nz;

ã) (y + 1)x − 1 = y!.

2.14. Ðåøèòå â ïîëîæèòåëüíûõ ðàöèîíàëüíûõ ÷èñëàõ óðàâíåíèå xx+y = (x+ y)y.

2.15. ×èñëà Ìåðñåííà. Äîêàæèòå, ÷òî åñëè ÷èñëî an − 1 � ïðîñòîå, òî a = 2 è n � ïðîñòîå.

(×èñëà Mp = 2p − 1 ñ ïðîñòûì p íàçûâàþòñÿ ÷èñëàìè Ìåðñåííà).

2.16. ×èñëà Ôåðìà. Äîêàæèòå, ÷òî åñëè ÷èñëî an +1 � íå÷�åòíîå ïðîñòîå, òî a ÷åòíî è n = 2k.
(×èñëà fk = 22

k
+ 1 íàçûâàþòñÿ ÷èñëàìè Ôåðìà).

2.17. Äîêàæèòå, ÷òî fn äåëèò 2fn − 2.

2.18. Ïóñòü p � íå÷�åòíîå ïðîñòîå ÷èñëî. Äîêàæèòå, ÷òî åñëè fn � ïðîñòîå, òî îíî íå ïðåäñòàâèìî

â âèäå fn = ap − bp ñ öåëûìè a, b.

2.19. Ïóñòü f(x) = anx
n+. . .+a1x+a0 ∈ Z[x], an ̸= 0, n > 1. Ìîãóò ëè çíà÷åíèÿ ýòîãî ìíîãî÷ëåíà

âî âñåõ öåëûõ íåîòðèöàòåëüíûõ òî÷êàõ áûòü ïðîñòûìè ÷èñëàìè?

2.20. Äîêàæèòå, ÷òî íå ñóùåñòâóåò ìíîãî÷ëåíà f(x) ∈ Z[x], òàêîãî ÷òî f(1) = 2, f(2) = 3,
f(3) = 5.


