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1. Íàéäèòå ðåøåíèå èç D ′(R) óðàâíåíèÿ

y′′ + 4y = δ(−2022 x)− θ(x), ãäå θ(x) =

{
1, x ≥ 0
0, x < 0.

2. Ìîæåò ëè ñóùåñòâîâàòü íåòðèâèàëüíîå ðåøåíèå óðàâíåíèÿ ut = uxx, (x, t) ∈ [0, π]× [0,∞)
ñ êðàåâûìè óñëîâèÿìè u|x=0 = u|x=π = 0 òàêîå, ÷òî u(π/

√
2022, t) = o(e−βt) ïðè t → +∞

∀β > 0?

3. a) Ðåøåíèå óðàâíåíèÿ Ëàïëàñà uxx + uyy = 0 îãðàíè÷åíî â ïîëóïîëîñå Π = {(x, y) ∈
(0,∞)× (0, 1)} è ðàâíî íóëþ íà ∂Π. Âåðíî ëè, ÷òî u ≡ 0 â Π?

b) Òîò æå âîïðîñ äëÿ ðåøåíèÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ux = uyy.

c) Òîò æå âîïðîñ äëÿ ðåøåíèÿ óðàâíåíèÿ êîëåáàíèé ñòðóíû uxx − uyy = 0.

4. Óñðåäíåíèåì ôóíêöèè f(x) íàçûâàåòñÿ ôóíêöèÿ f1(x) :

f1(x) = f ∗ ω =

∫
R3

f(y)ω(x− y) dy,

ãäå ÿäðî óñðåäíåíèÿ:

ω(x) =

{
Ce−1/(1−|x|2) ïðè |x| < 1,
0 ïðè |x| ≥ 1,

, C =

(∫
|x|<1

e−1/(1−|x|2)dx

)−1

.

Íàéòè f1(x) (x ∈ R3) äëÿ ñëåäóþùèõ ôóíêöèé:
f(x) = x1, f(x) = x21 − x1x2 − x23.

5. Êàê èçâåñòíî, ãàðìîíè÷åñêèå ôóíêöèè u è v â îãðàíè÷åííîé îáëàñòè Ω óäîâëåòâîðÿþò ñëå-
äóþùåìó ïðèíöèïó ñðàâíåíèÿ:

åñëè u ≤ v íà ∂Ω, òî u ≤ v â Ω.

Â êàêîé èç ñëåäóþùèõ ôîðìóëèðîâîê ïðèíöèï ñðàâíåíèÿ òàêæå âåðåí:

(a) åñëè |u| ≤ v íà ∂Ω, òî |u| ≤ v â Ω;

(b) åñëè u ≤ |v| íà ∂Ω, òî u ≤ |v| â Ω?

6. Íàéòè êëàññè÷åñêîå ðåøåíèå çàäà÷è Êîøè

ut = uxx + (ux)
2, u|t=0 = ln(1 + sin2 x), u = u(t, x), t ≥ 0, x ∈ R.

7. Ðåøèòå çàäà÷ó â êëàññå ôóíêöèé C2(R2), φ(x), ψ(x) ∈ C2(R) :
ut = vx,
vt = ux,
u(0, x) = φ(x),
v(0, x) = ψ(x).

8. Äàí êðóã Ω = {|x| < R}. Ïðè êàæäîì α ∈ R íàéäèòå âñå u ∈ C2(Ω) ∩ C1(Ω), ÿâëÿþùèåñÿ
ðåøåíèÿìè íà÷àëüíî-êðàåâîé çàäà÷è

2∑
i,j=1

(aijuxj
)xi

= 0,
2∑

i,j=1

aijuxj
ni

∣∣∣
|x|=R

= α?

Çäåñü n = (n1, n2) � âíåøíÿÿ íîðìàëü ê ñôåðå {|x| = R}, ìàòðèöà (aij) çàäàíà ôîðìóëîé

(aij) =

(
1 x1
x1 1 + x21

)
.

9. Ïóñòü Ω = {x2 + y2 < 1}
Ïðè êàêèõ a ∈ R äëÿ ëþáîãî u ∈ C1(Ω)∩C(Ω), óäîâëåòâîðÿþùåãî óðàâíåíèþ ayux+xuy = 0,
âûïîëíåí ïðèíöèï ìàêñèìóìà:

max
Ω

u = max
∂Ω

u?


